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" Influence of Gradient of Velocity upon the Resonant Radiative
Transfer in Plasma Flows
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The aim of this work is to estimate the influence of a velocity gradient upon the resonant radiative transfer
and to propose an approximate analytical solution of the transfer equation. The radiative population rate of the
resonant states is shown to be notably influenced by a velocity gradient of the same order as that found in a
boundary layer along a wall in a supersonic flow. Thus this rate appears to be from one to three orders of

magnitude smaller than in the case of zero gradient.

Nomenclature

A,r = Einstein coefficient for spontaneous emission of the
resonance lines

B = population rate due to the photons which are emitted in
the freestream plasma

B, = Einstein coefficient for absorption

C = velocity of light

I, = specific intensity of the radiation at v

k, = spectral absorption coefficient per unit length at v

L = boundary-layer thickness

1 = distance normal to the freestream boundary

* = dimensionless length (Sec. V)

L = thickness of the plasma

I' = L— L = thickness of the homogeneous plasma

N = density number

S = line strength

U = velocity in the streamwise direction

u,v,w = coordinate system (Fig. 4)
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z = distance normal to the wall

« = (1/6v,)?

p = expression defined in Eq. (10)

Bo = value of § for zero gradient

i = expression defined in Eq. (42)

y = |(1/C) 8U/0Z|

A = population rate due to the photons which are emitted
in the nonhomogeneous plasma

ovp, = (half) half-width doppler

8, ¢ = angular coordinate system (Figs. 2 and 4)

v = radiation frequency

En = coordinate system (Fig. 2)

T = lifetime = 1/4, ,

x = dimensionless frequency

Subscripts

e = freestream value

f = ground state

m = metastable state of 4,

r = resonant states

I. Introduction

N many studies on plasma-jets, electron-ion recombination
rate coeflicients of homogeneous decaying plasmas are often
used in the species (electrons and ions) conservation equations.
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Fig. 1 Assumed velocity profile in boundary layer. Z is the distance
normal to the wali, U is the velocity in the streamwise direction, and
I’ — L = the thickness of the homogeneous plasma.

It is now well-known®-3 that this rate is notably influenced
by the depopulation rate of the metastable and resonant levels;
thus, the recombination rate, at a point of the plasma, cannot
be determined without resolving the resonance radiative transfer
equation.

Holstein* studied the resonance radiative transport for
plasmas which are homogeneous except in the case where the
population density of resonant levels varies. Recently several
authors®> ~8 proposed numerical methods in order to determine
the source function. Cogley® treated the problem of radiative
transport for Lorentz profiles lines in nonisothermal gases.
Avrett® treated it in the general case. Calculations of the line
source function that include the effects of velocity gradients
have been carried out in Refs. 6-8.

The aim of this work is to propose an approximate analytical
solution of the transfer equation. When the velocity is not
uniform, it is obvious that the resonance radiative transport-
depends upon velocity gradients, since, if we consider the line
profiles for an emitting atom at one point in the gas and for
an abosrbing atom at another point, there is a doppler shift
of the line. If we want to take into account all the gradients
of physical parameters (density, kinetic temperature of heavy
particles, electronic density, velocity ...) which have an influence
upon the line profile, we obtain a very complex system of
equations. We shall content ourselves with studying plasmas
which are homogeneous except for variation in velocity and in
the population densities of the resonant levels. Therefore, our
work will have a practical interest in the case of low-pressure
supersonic plasma-jets andof a boundary layer on a plate in a low
pressure supersonic flow.*?

The paper is organized as follows. In Secs. II and IIl are
given the assumptions, the equations, and their transformation
in a more useful form. In Secs. IV and V, the equations giving
the radiative population rate of the resonant levels are resolved.
Section IV deals with the population rate due to radiation
coming from the boundary-layer plasma and Sec. V deals with
the radiation coming from the freestream plasma. In our con-
clusions, we give the manner of using our results.

II. Resonance Radiative Transfer Equations

We simplify the problem by supposing that the velocity
profile is linear in the boundary layer (thickness L) and the
flow patterns, parallel to the wall (Fig. 1). -

Let us evaluate the population rate, by absorption, per unit
volume, of resonant levels: (dN,/dt),,, at the point Q(0,0,2),
with 0 < Z < L (Fig. 1). We translate the axes and take Q as
the origin of axes &, n, { (Fig. 2). {(dN,/dt),,, consists of three
terms coming from:

1) The fraction of radiation which is emitted by the zone
0 < & < | of the plasma, reaches @, and is absorbed per unit
volume at this point [we call A, the corresponding contribution
to (dN,/df),s]; 2) the radiation coming from the zone
—Z <[ <0 and absorbed in Q [we call A the corresponding
contribution to (dN,/dt),,.]; 3) the radiation absorbed in Q
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coming from the homogeneous layer, { = I [its contribution to
(dN,/dt).p, will be called B].

By supposing the resonance radiative diffusion to be isotropic
(complete redistribution), we shall easily show that the expres-
sions of A,, A_ and B are

A —J+” Jw ‘r J” [lNﬂwmmo]
+ — X
f=~wdn=—wJ(=0Jv=0 4n T

exp{— Y &@dW}
0088 ) dedndcay (1)
S

J\+oo J+a) J‘O J‘oo I:l Nr(M)sv(M)]

- A — | X

E=-—wdyp=-—JI=-ZJyv=0 4 T

exp{—j @dW
o cos

B__J*'GO J\+oo J’i Iv(l,e)ﬂx
- E=—wdp=—wJy=0 hy é2+’12+C2
kP )
exp{ - Jo cosd dW}} k(Q)dE dnav 3)

In these expressions, N,(M) is the population density number of
a resonance level at the point M

S

>
il

&,(M) = (see Holstein®)

h .
S= j‘“n k,dv=B, N, —g (induced emission is neglected)

B,, is the absorption transition probability and N, the ground-
level density number
T=1/4,,

A,, being the emission transition probability, I,(l, 0) is the
specific intensity at a point { = [ of the homogeneous plasma, in
the direction of Q.

The population rate of the resonance level by radiative
transitions between this level and the ground level is given by

(dN,/dt)., = A, +A_+B—N,/t 4)

In the following study, we shall suppose that k, has a doppler
profile. This hypothesis is valid'*** in the case of our experi-
mentally studied plasmas®'® (argon plasma: pressure ~ 1 torr,
kinetic temperature of heavy particles >~ 1000°K, electron
density ~ 10'* electron/cm®).

In these conditions, if we take the frequency at the center
of the line to be v, at the point @, we have:

K (P) = k,(w) = ko X

Uw)—U(0) ?
exp{—a[v—vo+vo w . -(€2+nf+cz)1/2:l }

k(Q) =k w=0); kM) =kw=70) )
&,(M) = k,(M)/S

¢ FREE STREAM
T
H ___U_> t L
¢ 9
[
v!p n
ajs -z

WALL

Fig. 2 Coordinate system.
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electronic temperature ~ 7500°K ; static pressure
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and o = (1 /(3vD)2 = ¢*. 20v,, is the doppler half width. According
to the assumed hypothesis, dv,, is a constant.

IIl. Transformation of Equations
Let us take 0, ¢, { as new variables (cf. Fig. 2). We shall

write
F(v.{,¢,0)= exp{— J‘C kv_(“i)dw}

o Ccos B

and

. ¥(Q) = N(M)/S
By taking into account the symmetries in the formulas, we
can show rather easily that A, A_ and B can be written thus

1 n/2 (*n/2 1 @ 6F
A, = -vj J J () o, x
TTJo Je=mzr-6Jr=0Jv=0 74

k,0)D(©, $)dpdOdl dv  (6)

1 n/2 (*nj2 '() © aF
A—*“f j J WO o
o Je=mm-odi=-zdv=0 O

k@)@, p)d¢p d6dldv  (7)
LLY)

‘ /2 *n/2 @
B() =4 f f KO 22
0 Jo=@2-9Jv=0 v

F(v,0,0, )00, p)dpdodv-  (8)

where
®(0, ) = sin B sin ¢/(sin? ¢ ~ cos? 0)*/?

In radiative transfer problems, it is usual to say that the values
of the integrals, A, and A_, are principally influenced by
radiative transfers between layers close to the point Q, which
impels us to replace () by ¥(0) in A, and A_. (zero
approximation).

Drawin? contests such an attitude. However, we shall use
this approximation but shall take the following precautions.
1) It is not necessary to calculate each of the terms A, and
A_. We just have to calculate their sum. 2) Figure 3 shows a
typical profile of density of atoms in the ls, state (Paschen
notation), in a boundary layer along a flat plate. This plate is
put in a low pressure (1 torr) argon plasma flow.®1°. The
electronic density number in the freestream is about 10'*
particles/cm?. The experimental points on Fig. 3 are obtained

by near infrared (7635 A) absorption measurements. The

population density profile of metastable and resonant levels
can be considered, to a close approximation, to be linear near
the wall.

By taking into account this expression and the antisymmetry
of the second term, we find that the zero approximation will
be valid if we consider the radiative transfer to occur in the
vicinity of points situated in the middle of the boundary layer.
Thus we shall replace A, +A_ by &, +J_, é being deducible
from A by replacing () by ¥(0).

If we take into account Eq. (5), we can easily get the results
after integration with respect to {
6, =N,/2t—B(ON,/ntS; 6_=N,2t—P(Z)N,/mzS (9)
where

n/2 (*=w/2 o«
lf(Z)=J j J k,0)2(¢,O)F(Z,0,4)dp db dv  (10)
0 P=@/2)-8Jv=0
The problem is then reduced to the calculation of the § terms.
We can appreciate the physical sense of the following cal-
culations more easily be reference to new axes (Fig. 4). The
homogeneous zone is situated above the plane =n(Z = 0).
Equations are thus written

k,(Q) = k,()) = ko(Q) exp { —a[v—v,'+ o'yl co8 ¢]*}
(11)
k,(P) = k(W) = ko(P)exp {—a[v—vy — vy'yW cos ¢]*}
where v, is the frequency at the center of the line of the
homogeneous plasma.
As we have already indicated, we suppose the velocity profile
to be linear in the zone Z > 0; that is, that y = —(1/C) 0U/0z

is supposed to be constant for 0 < z < U ,/Cy, U, being the free-
stream velocity. § will then be written

/2 (/2 ® k,(D)sin 0sin ¢
pib = .[0 L:=(n/2)—9 va=0 [(sinz ¢—cos? 0)'1? 8

exp { - jlw dw’}:l do do dv (12)

o cos@

Fig. 4 New coordinate system (the freestream plasma is situated
above the plane 7).
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Fig. 5 Function F(6, ¢, |, x,) appearing in Sec. IV [Eq. (16)] (case of
small gradient). The value of k! is assumed to be = 2.10°. The dotted
line is for the case y,—y, = 0, and the full line for |y, x| = 0,1.

It can then easily be shown that
B()) = —0y/0l where

' w2 G(8¢1) cos 0 sin 0 sin ¢
b= dodp (13
vo L J‘¢=<n/2>—o (sin? ¢ —cos? 9)1/2 ¢ (13)
and :
G0, ¢, 1) = J F@,0, 6,1 dv
v=0
we define

x = V—vy +vyyw cos )2 and x, = (v— vy N2 (14)
G is then obtained as:

1 + o
GO, ¢, 1) = —-j dy x

@),
exp< — o jx‘exp(—xz)d (15
(cos 0 cos g)yve(0)*'? |}, *

Thus, the problem is now to calculate G(6, ¢, I). Then S(I) will
be obtained by means of Eq. (13), and 6, and J_, by means
of Eq. (9).

IV. Calculation of the f Term
Case 1: When v,yl(x)"/? is Weak (Small Gradient)
According to Eq. (14), vyyl(e)'/? being weak is equivalent to

21— Xo being small.
If we expand

.-
J dyexp(—x?)
Xo

into a power series of y,—y, we can write the following
expression :

k, )
F(.9.1 x0) = exp { " (cos 0 cos D)y () x

% kol
exp[——J eXP(—xz)de}=eXp{- <5 P (—Xo”) X

o cosf

21
3 (x,—xo)2+“]} (16)

Figure 5 shows the shape of the curve of F vs y,. We note
that the curves can be deduced from one another by a translation
along the y,, axis.

20

[1 —xo0t—x0) +
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From the expression of F(8, ¢, 1, x,), it can be shown that the
shift, in relation to the curve corresponding to y,—y,, is given
by d = )= Aom Xom and y,, are related according to the
following expression :

eXP (— Yom?) = eXP{—xom’z[l = Xomli— Xo) +

2om—1
o)+ ]}

Xom 0d . are the values which make F(6, ¢, 1 =0, ) and
F(0, ¢, 1, x,), respectively, equal to the same value, £ for example.
We get

d = =0~ %0)/2+ (Aow/12) 0 — %0)*+ - 17
Let d, be the shift of the curve of F(f,¢,1, y,) versus g,
in relation to that of F(0,¢,1=0, y,) for the positive values
of x, and d_ be the shift corresponding to the negative values
of x,, we get
p=d,—d_ = (Lu/6) i~ %o} (om > 0) (18)
Concerning the integration of F with respect to y, to get
G, it is now obvious that the variations with [ of the area
between the curve F(8, ¢, x,, ) and the y, axis (Fig. 5) will
easily be expressed vs u.
Let us take Egs. (13—-15) into account and write

/2 (/2 1 "dp cossin0sin ¢
h=— — d¢ de
o Jo J¢=(n/2)~0(a)1/2 0l (sin? ¢ — cos® 6)*/2 ¢ d6+Boll)
(19)
where B,(l) is the value of f(/) corresponding to y=0 (no

velocity gradient), which will be calculated further.
Readers are reminded that y,,, is defined by

(kol/cos 0) - exp (—¥,,,2) = log 2
from which we get

om0 = 1/2) gy |
And according to Eq. (18)

opfol = I[voy(@)*'* cos o1 [i,m/3+ 1/12y,,,] (20)
Since y,,, is greater than 3 in the practical case that we shall
study, it is seen that the preceding expression may be written

opfol = l(vgy(@)'"2 cos ) (tom/3) (20)
Thus, it now remains to integrate S(I) [Eq. (19)] by taking
into account Eq. (20) and the expression of y,,,
Yom = L10g kyl—log (cos 0 log 2)]/2
To integrate S(f), we can neglect log(cos 6 log 2) which varies
from 0.3 to 3 when cos@ varies from 1 to 55 while log k,l

ranges about a value of 9 in the proposed application. The
integration is then easy and leads to

B = Bo()) = (m/48)vo*y* (o) 21(log ko)) 21

When [ varies, the curves of exp{—kolexp(—x,3)} vs %,

can be deduced by translation along the y, axis. The corre-

sponding shift is equal to the variation of y,,. where y, is

given by

kol €Xp (= fom™) = C** = log 2 22

Proceeding in the same manner for the calculation of G(8, ¢, ),
which is written ‘

GO, ¢, )= (;-)11/3‘[ ) exp {—kolexp(— oD} dy,  (23)

we shall first calculate the quantity u, = 2y, corresponding
to the value of u given in Eq. (18). Then, dp,/0l = 20y,,,/0l;
that is, according to Eq. (22),

. %: 1 _ 1 - 1
ol Iy, llogky—loglog2)t? " Ilog kyh)'">
and we can find
Boll) = [m/4l(«) 2] 1/(log kol)'* (29
This result will also be found by proceeding as shown by

—

24
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Fig. 6 Influence of the velocity gradient upon the coefficient
B/By- A =lor Z; A* = vyy(0)*/?A(log ko A)''* (dimensionless length)

Holstein.* Thus, in the case of small gradients the ration f/8,
is given by the relationships

BA/Bo2) = 1+ 2*?/12 (26)

where A =1 or Z and A* = vyyA()'/*(log kyl)"/? (dimensionless
length). Figure 6 shows the variation of the ratio B/, vs A*

Case 2: When v,yl(0)"/? is Large
We define

a = ky/(cos 0 cos )vyy(@)'/?
Equation (15) is then written

GO, ¢.) = )l/zf dxoexp{ f meXp(—xz)dx}x

xo

0
exp{*dj exp(— xz)dxl+()l/zj dyo %

- 1
exp{~aj exp(—xz)dx}exp{—aj
Xo

o0

exp (— %) dx}

@7

Vs Yo

a exp { »( qu‘,l\ﬁ_y cos ¢ )2}
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In the integration with respect to y, for the calculation of
G(0, ¢, 1), we only take into account the values of |y,| for which

exp{—aj exp(—xz)dx}
Yo

is not extremely small, that is for |y,| great enough (in the
practical applications).

Writing x = xo(1+x), we get

f exp(—xHdy ~ f Xo €XP {— %02 (1+2x)} dx =
X0 Y

1
S—exp(—1o°)
. 210 0
and since y— x, is supposed to be great, we get

@

exp(—y,>
fexp(~x2)dx=—w=
x: 2Xl

exp { — [xo + voly(@)"/? cos 12}
2[ 1o+ voly(@)'/* cos ¢]

it can be noted that 1) the curve of
exp {—(a/2y,) exp (— xo2)} is still practically parallel to that of

exp {—aexp (—xo%)}, and 2) the first term of G(8, ¢, I) appearing
in Eq. (27) may be written

J eXP{ﬂlf CXP(—XZ)dX} dyo
0 X

this expression being independant of /

Indeed, for the positive values of y,, the contribution to
G(6, ¢, 1) of the values of y, < 2 is negligible, and, for y, > 2

X
exp{—aJ‘ exp(—XZ)dx} ~1
For the values of y, >0, the second term of Eq. (27) is

practically equal to zero. On the contrary, for the negative

values of y,, the first term of Eq. (27) is practically equal to
zero and only the second term remains

By proceeding as before, it will be shown (cf,, Fig. 7) that,
for x, <0, G(6, ¢, I) is practically equal to

««)L”z j i’ exp {a exp { — [xovoyl(®)'? cos ¢]2}} dxe

In Fig. 7,

2(xo+ "o)’l("‘)”2 cos ¢)

It will be noted that, for y, <0, the curve of the variations
of .

exp 4 45XP {—Lxo +voyl(@)''? cos ¢]*}
P 200+ vorl@ P cos 4]
can pratically be deduced from the curve of

2

(Xb'val\[ﬂ_V cos ¢ )
S
' v a e (-X)
\ = 2 X,
\\‘\ - eXp{- a exp{-x2) }
1 -
) ‘\‘ Fig. 7 Functions appearing in Sec. IV (case of
4 \ large gradient).
‘-. |
g \
‘. \
tuylJa coso \
:<———>\
| |
| !
. \ X,
ol | | | | P
-4 -3 -2 -1 0 1 2 3
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Fig. 8 Assumed profiles for emission (full line) and transmission
(dotted line).

exp [ —aexp (— y,)] by a translation along the y-axis [its length
is practically equal to v,yl(e)/* cos ¢ ].
Then the equivalent of Eq. (18) may be written
u=d, —d_
where d, does not depend on [ and d_ = vyly(x)/*cos ¢. So
Ou/ol = —vyy(a)'/? cos ¢.
If we subsitute these values into Eq. (13), we get
B() = voy/3 (28)
The latter result may be got more strictly (see C.E.A. Report!?).

Thus, in the case of large gradients, the ratio f/f3, is given by
the relationship

B(A)/Bo(A)y = (4/3m)2* (see Fig. 6) 29
where A=1 or Z, A*=v pd()*’*(logky))'’* (dimensionless
length).

The results obtained in this section are summed up in Fig. 6.
We plot as the abscissa the dimensionless length 2*, this quantity
being directly proportional to the gradient of the Mach number.
For the small values of the velocity gradient, f must be
calculated by means of Eq. (21). For the large values of the
velocity gradient, § is given by Eq. (28). We are now able to
calculate A, +A_ =6, +35_ [see Eq. 9)].

V. Calculation of B

Case 1: When the Thickness !’ of the Homogeneous Plasma is Much
Greater than |

We shall suppose !’ to be much greater than the thickness [
of the region where the velocity gradient exists and take the
index e for the parameters corresponding to the homogeneous
area (freestream in the case of a boundary layer).

In such conditions, over a large frequency range, the specific
intensity I,(J, ) of the homogeneous plasma in Z =0 may be
replaced by the Planck function I,°(T,,), where (T,), is the
relative excitation temperature of the resonance and ground
levels in the homogeneous area and is given by

—E
(Te= v T o
) klog |Nr/Nflegj/gr

Taking into account the Einstein relations and equations
(3, 10, and 30), we can write

B(l) = B(DN,,/nts , (31)
We now note that the results of Secs. III and IV and
Egs. (9) and (31) allow us to express Eq. (4) as

dNr 1 |
( dt > = Tt {BON ., —[B)+BL2)IN,} (32)

fer

(30)

Case 2: When the Thickness [’ of the Homogeneous Plasma May Have
any Value

We now shall consider the situation where I’ has any value
and we shall show that supposing that I (I, §) is constant over a
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large frequency range is not a realistic hypothesis Indeed, in
highly supersonic flows, vyy()'/?l may be great (~ 10 and more).
Let us study this case.

We noted previously that photons whose frequency was greater
than v, (y > 0) do not contribute to the calculation of §(J).

For the negative values of y, as a first approximation, we
can replace the real emission profile by the rectangular
profile drawn on Fig. 8 (full line). Its half-breadth |y,'(8)| is
equal to

12.(0)] ~ (log ko' —log cos 8)'? = (log ko)''* = |y, |

The transmission curve (Fig. 8) of the plasma included
between the plane = and Q (Fig. 4), that is, the curve of the
variations of F(8, &, 1, x,) vs x, [Eq. (15)] may also be replaced
by a step-function (dotted line in Fig. 8) as a first approximation.

This step-function begins at y = (0, ¢). According to Sec. V,
the value of (6, @) is given by

1206, ) = |xom(B, ) +voyl(e)/* cos (33)
where
Yom(B, ¢) = —[log kol —log cos O —log v yl(x)'/? cos P| x
122 om + voylo) 2 cos §|112  (34)

In fact, the variations of y, vs ¢ are very distinctly more

sensible to the variations of v,y()!/? cos ¢ than to the variations

of 4,,.(8, @) vs ¢. In such conditions Eqs. (33) and (34) may be
simplified and we can write’

|Zel = lxoml—i—voyl(a)l/z cos ¢

1/2

where

[Xoml = (log ko)*'?

Therefore, to suppose the specific intensity of the homogeneous
plasma emission line constant between the limits of the integral
is not a realistic hypothesis at all, since it amounts to supposing
that

2| > Zom+ Vo)’

or
(log kol)''? > (log koD 2 +vyy(a)/?l

which leads us to a thickness of the homogeneous plasma which

is unrealistically too large when the Mach number increases. In

fact, in practical cases, y,'— x,,, is rather small and it is better to

use the results found in the calculation of the § terms, when

voPl(@)*/? is small (Sec. IV).

The homogeneous plasma emission profile at the limit of the
boundary layer is replaced by the rectangular profile drawn on
Fig. 9 (full line); its center is at y, = 0 and its width is .

The inhomogeneous plasma transmission profile F(0, ¢, 1, x,),

xile)

F(6,0,1,X) EMISSION

W ¥ l\f;cos [

q
|
1
|
i
1
|
|
'
I
I
'
'
1
'
;

| X, (6,0)
F

Fig. 9 Assumed profiles for emission (full line) and transmission
(dotted line).
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whose expression is given by relationship (16), is replaced by
the dotted line which we can see on Fig. 9. AB is equal to

Vo7 (@)'121 €05 $/2+ (1om/ 1D [V y1(2)"/* cos ¢ ]
CD is equal to

Vo ()21 €08 §/2— (Xom/12)[Voyl(2)'/* cos ]
[cf. relationship (17)].

Now, the problem is to know how to modify Egs. (10, 13,
and 31) to get the population rate term (per unit volume) of
the resonance levels by absorption of the photons directly
coming from the homogeneous zone. We shall now call this
term B'(l); it is always given by an expression like [Eq. (31)]

B() = (N, /ntS)f(]) (35)
But the expression of f'(l) is different from that of f(/); using
Eq. (10), we obtain

ﬂ'(l)—fmjm J [M )
o o=y 4 v | (507 P—cos? B)1/2

1
exp { - j k() de dpdodv  (36)
0 €os

1/2

where v,’ is given by
xe =0, =vo)(@)
The limits on the values of § and ¢ will be studied later.
By making calculations like those made in Sec. IV we obtain

cos O sin B sin ¢

1 /2 /2
() = —— J f Y g do x
ﬁ( (a)x/z o o=/2)-0 (SIII2 (b—COSz 9)1/2

9
J G HO.GLa)dsy ()
— 7(’(
where
H(O, ¢.1 30) = ex o
» @, L, Yo) = €XP (cos 6 cos ¢)yvy()

exp —{ Jx' exp (—x°) dxH

Let us first take into account the negative values of y,. It is
obvious (cf. Fig. 9) that only the values of ¢ for which

1/21
ton+ "2 o5+ 2o [0 2 cos 1 < 1,

1/2 x

contribute to the calculation of §(1).

Let us call ¢, the solution (0 £ ¢, < #/2) of the equation
Ko+ [V67(20)'721/2] 008 @+ (om/ 1) [voyl()/ cOs 1% = 1,

1. — Xom = (l0g ko) 12 —(log koD)*?

Only the values of ¢ greater than ¢, contribute to the
calculation of f'(J).

Let us take into account our approximations and still use the
same method as in Sec. IV. We can write, by calling f_'(/) the
contribution to f'(]) of the negative values of y,,

1 [ "2 0(d 2
B = —— J (d_ ‘;‘l.“o/ ) y

(1)1/2v9=1n/2)—¢2
cos 6 sin 8 sin ¢ :
J(n/z)—% /2 M y
0=0 ¢=w/2)-0 o

(38)

¢2

de do +

cos 6 sin 6 sin ¢
(sin? ¢ —cos? 0)1/2
The first term corresponds to the values of 6 for which
0 > n/2— ¢, and the second one to the values of # for which
0<n2—¢,.
Let us call the reader’s attention to the meaning of d_ and
Ho

dpdo  (39)

d_ = [voyl()?/2] cos ¢+ (ym/12)[voy()/% cos ¢
Yom = (log kyD)'?
and
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— %

Fig. 10 Influence of the velocity gradient upon the ratio /8. I* is
the dimensionless length /* = v y(x)!/?l(log k,/)"/°. To plot this curve
the values / ~ 1 cm, I’ ~ 5cm, k, = 2.10° have been assumed.

Ho = 2Xom
If we use Egs. (17-20) on the one hand and Eq. (24) on
the other hand, the integration of Eq. (37) then gives

, 2 ) in? 2 A

I*11 (= 6.) + ., 10
where ¢, is given by

cos ¢, = (3/1)({1+%(log koh)*'*[(log k,l)*1*—
(log kel)2]}1 12— 1)

(The assumption of large gradients yields: I* » 1.)

Let us now calculate the contribution to f'(I) of the positive
values of y, which we call f,'(]). In this case, the profile of
H(®, ¢.1,x,) goes from 0 to 1 (cf. Fig. 9) for values of
XO < Xom < Xe’

Here, there is no lower limit like ¢,. In fact, we shall see
that it is fitting to consider only the values of ¢ greater than a
limit ¢,” which we are going to determine. Indeed, in Sec. IV,
we noted that, when v,y()'/?I cos ¢ is great, the photons whose
frequencyis v > vy, (x, > 0), do not contribute to the population
rate of resonance levels.

The lower limit ¢," will be the value of ¢ for which the
derivative of the following quantity with respect to [ is equal to
zero (cf. Fig. 9):

Fom = Vo71(@)"12 €08 $/2+ (1n/12) Vo702 cOs ¢]2
which roughly gives

cos ¢, = 3/I*
After integration [Eq. (37)], we get

) _2fm ., . @) sin ¢,/ 2 3
B) m|atM e T T 3l oSO

P*M1 /n , 1 4
; 3 5—(]52 +§§sm d)Z (41)

where ¢, is given by cos ¢,” = 3/I*. (The assumption of large
gradients yields I* > 1.)
We finally get

BD/Bo(D) = "/ BoD)+ B "/ Bo(l) “2)

where p_"(1)/B,(1) and B.'()/B,(]) are given, respectively, by
Egs. (40) and (41).
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We have plotted a curve of typical variations of the ratio
B(D/Bo(D) vs I* in Figs. (10). This ratio appreciably decreases
when the velocity gradient increases.

The balance Eq. (4) can be rewritten

(dN,fdt) o, =8, +6_+B()—N,/z
According to Egs. (9) and (35), we get

1
("5 ) =— (FON,.~BO+BEINY @3
t ) jer TTS

The expression of f(I) and f(z) is given by relationships
(25, 26 and 29); that of f'(l), by relationships (38, 40-42)
(see Fig. 10).

As the velocity gradient increases, f'() decreases whereas
B(D) and B(z) increase and the ratio f'(I)/[B(D)+B(z)] quickly
decreases (Figs. 6 and 10).

For instance, in the case of argon (at low pressure) whose
atom translation temperature is about 1000°K, the ratio
B(/[B(D)+P(z)], which was about 1 in the case of a weak
velocity gradient, finally ranges about 10~2 for a velocity
gradient of 5000 m/sec/cm, which is not an extremely great
gradient. It then becomes evident that the population and de-
population rates of the resonance levels, and hence, the creation
or recombination rates of electrons are appreciably coupled
with the velocity gradients.

V1. Conclusions

We have given an approximate analytical solution of the
resonance radiative transfer equation for a plasma in which a
velocity gradient exists. From the point of view of the reader
it is sufficient to use Fig. 6, Eq. (43), and the end of Sec. V.
It is then easy, in each experimental case, to evaluate the
ratios f/f, (Fig. 6) and f'/f, and to draw a curve similar to
that of Fig. 10. By looking at these curves one can see whether
the resonance radiative transfer is influenced by the velocity
gradient. An example given at the end of Sec. V shows this
influence can be important in supersonic plasma flow.

Nevertheless one must keep in mind that the line profile has
been assumed a doppler profile. Lorentz or Voigt profiles are
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smoother than doppler profiles. By the way, the influence of
velocity gradients is less important than for doppler profile.

Let us remember finally that we have performed an approxi-
mate analytical solution. To get more precise results you have to
use the numerical methods.:6~8 /
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